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Abstract 
Munuera, C. and R. Pellikaan, Equality of geometric Goppa codes and equivalence of 
divisors, Journal of Pure and Applied Algebra 90 (1993) 229-252 
We give necessary and sufficient conditions for two geometric Goppa codes CL (D, G) and 
CL (D, H) to be the same. As an application we characterize self-dual geometric Goppa 
codes. 
1. Introduction 
Goppa used algebraic curves over finite fields to define linear codes, see 
[ 5-71. Let X be a curve of genus g over a finite field lF, with q elements. If 
X has n rational points and L is a vector space of rational functions on X, 
then one can define a q-ary code of wordlength n by evaluating the functions 
at the rational points. Usually one takes L = L(G), where G is a divisor on 
A!, thus L is a vector space of rational functions with behaviour at poles and 
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zeros prescribed by G. Such codes are called geometric Goppa or algebraic- 
geometric codes. If G and H are two divisors such that the difference is the 
principal divisor of a rational function which is 1 at the y1 rational points, 
then they define the same code. Xing [ 171 showed that the converse holds 
whenever deg (G) < n/2 or deg (G) > n/2 + 2g - 2. An immediate consequence 
of such a result gives a characterization of divisors defining a self-dual code. 
The question on self-dual codes was considered before by Driencourt, Michon, 
Stichtenoth and Xing, see [ l-4,1 1,13,17], and also by Katsman and Tsfasman, 
see [ 16, p. 3871. The best result so far is that if n > 6g - 4, then G defines 
a self-dual code if and only if there exists a differential form q such that 
(4) = 2G- D and q has simple poles and residue 1 at all the y1 rational points, 
see [ 17 1. We will show that the assumption n > 2g + 2 instead of n > 6g - 4 
is sufficient for the characterization to hold. 
In the paper of Xing it is also assumed that the divisor used has degree m 
such that 2g - 1 < m < n - 1. We wanted to treat the cases m = 2g - 2 and 
m = n - 1 too. Whereas the method of Xing is fairly simple, to include the 
above mentioned border cases, we had to overcome several technicalities. It 
appears that one needs to consider the concept of the decomposition of a code 
first. A code is called decomposable if it is the direct sum (as codes) of two 
nonzero codes. Closely related with decomposable codes are codes which stay 
invariant under the coordinate-wise multiplication by an n-tuple of nonzero 
scalars which are not all the same. In Section 2 we show that a geometric 
Goppa code of length y1 > 2g + 2 is not trivial decomposable. Since we need 
a codeword of weight YI in order to get the main result in Section 4, we have 
to extend the field of constants. In Section 3 we treat the main properties 
of divisors and their spaces under an extension of the field of constants. In 
Section 4 we improve Xing’s result by showing that if n > 2g + 2, and G and H 
have degree m such that 2g - 1 < m < n - 1, then G and H define the same 
code if and only if G - H is the divisor of a rational function which is 1 at the 
y1 rational points. If we include the cases m = 2g - 1 and m = n - 1, then there 
are four more possibilities that G and H define the same code. In Section 5 
the above mentioned characterization of self-dual geometric Goppa codes is 
given. Section 6 treats some examples to show that we cannot weaken the 
assumptions we have made. In Section 7 we consider the generalized Jacobian 
and Zeta function to give a formula for the number of linear codes on a curve. 
Let X be a projective, nonsingular, absolutely irreducible curve defined over 
the finite field [F,. We say that X is a curve for short. The genus of X is 
denoted by g(X) or simply by g when it is clear which curve is meant. Let 
iF, (X) be the function field of X over [F, and 52~ the vector space of rational 
differential forms on X over [F,. 
Let Pi,..., P,, be iz distinct rational points on the curve X. We fix the order 
of the Pi and denote the divisor PI + . . . + P,, by D. For a rational divisor 
G on X with degree m and support disjoint from D we consider the vector 
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spaces L(G) = {f E [F,(K)* 1 (f) 2 -G} U (0) and Q(G) = {o E SZX \ (0) 1 
(w ) 2 G} u (0). The algebraic-geometric or geometric Goppa codes associated 
to D and G over IF, are defined by 
CL(X,D,G,E~) = {(f(Pl),...,f(P,)) If EL(G)), 
Ch(X,D,G,F,) = {(resp,(o),...,rcsp,(~)) I ~~,EQ~(G-D)), 
see [ 5-71. We will mainly discuss the codes defined by means of rational 
functions rather than by differential forms and usually the curve and the field 
of constants are fixed, therefore we denote CL (X, D, G, [F, ) by C (D, G). 
For the main properties of geometric Goppa codes we refer to the textbooks 
on this subject, see [ 7,14,16]. Usually one supposes deg( G) < II or deg( G) > 
2g - 2 in order to be able to say something about the dimension and the 
minimum distance of these codes. That is, if deg(G) < IZ, then CL (D, G) has 
at least dimension deg( G) + 1 - g and at least minimum distance n - deg( G). 
Ifdeg(G)>2g-2,thenCn(D,G)hasatleastdimensionn-deg(G)-l+g 
and at least minimum distance m - 2g + 2. If 2g - 2 < deg(G) < n, then the 
dimensions are exactly equal to the above mentioned lower bounds. 
2. Decomposable codes 
Definition 2.1. If Cr is an [ nl, kl ] code, and Cz is an [ n2, kz] code, then we 
say that C is the direct sum of Ct and C, if (up to reordering of coordinates) 
C = {(X,Y) I XE Cl, YE C2). 
We denote this by C = Ct $ C2. If moreover Ct and C2 are nonzero, then we 
say that C decomposes into Cl and C2. We call a linear code C decomposable 
if there exist nonzero codes Ct and C2 such that C decomposes into Ct and 
c2. 
Remark 2.2. ( 1) The code C decomposes into Ci and C2 if and only if (up 
to reordering of coordinates) C has a generator matrix of the form 
where Mt and M2 are nonempty generator matrices for Ct and C2, respectively. 
(2) If C decomposes into an [nl,kl,dl] and an [nz,k2,d2] code, then 
obviouslycisan [nl+~,kl+k2,d] code,whered = min(di,dz).Henced I 
(n - k ) /2 + 1, by the Singleton bound. Thus there are no MDS decomposable 
codes. Furthermore, if Fr, F2 and F are the weight enumerators of Ci, C2 and 
C, respectively, then F = FlF2. 
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Example 2.3. Let C be a code of minimum distance one and length greater 
than one. If x is a codeword of weight one, then we may assume, after 
possibly reordering the coordinates, that the first coordinate of x is not zero. 
If x, Yl , . . . ,y,~-~ iS a basis Of C, then so iS x,yi -21x,. . . ,yk_l -&-1x, where 
& = yii/xi. Thus C decomposes in Cl and C,, where Ci is F, and C2 is the 
projection of C on the last n - 1 coordinates. We say that codes of minimum 
distance one and length greater than one are trivial decomposable. 
The code over F2 having generator matrix 
(KY) 
is decomposable but its dual is not. 
Lemma 2.4. If C is nontrivial decomposable and decomposes into C1 and C2, 
then its dual Cl decomposes into Cf and Ci. 
Proof. The inclusion Cf @ C$ g (Ci $ Cz ) 1 is obvious. Equality follows by 
comparing dimensions. If either Cf or C2’_ is zero, then Cl = [Fil or C2 = [Fp, 
so C has minimum distance 1, which contradicts the assumption. 0 
In the following we will discuss decomposable algebraic-geometric codes 
codes. To that end we need the definition of the intersection of two divisors 
and Clifford’s theorem. 
Definition 2.5. Let G be a divisor on a curve X. We denote by mp (G) the 
coefficient of G at the place P. So G = C mp (G)P. The intersection G n H 
of two divisors G and H on X is defined as follows: 
GnH = xmin{mp(G),mp(H)}P. 
Lemma 2.6. L(G) n L(H) = L(Gn H). 
Proof. The inclusion L(G n H) G L(G) n L(H) follows from the inequalities 
G n H 5 G and G n H I H. Conversely, if f E L(G) n L(H), then 
up(f) 2 max{-mp(G),-mp(H)) 
= -min{mp(G),mp(H)} = -mp(Gn H), 
for all places P of X. 
Theorem 2.7 (Clifford). Let G be a divisor on the curve X such that both L(G) 
and Q (G) are not zero, then 
l(G) 5 deg(G) 
2 + 1. 
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Moreover, equality holds if and only if 
(a) X is hyperelliptic and G is a hyperelliptic divisor, or 
(b) G is a principal divisor, or 
(c) G is a canonical divisor. 
Proof. See [16, 2.2.421 or [14, 1.6.111. 0 
Corollary 2.8. Let G be a divisor on a curve X of genus g such that 0 5 
deg(G) 5 2g - 2. Then 
l(G) 5 deg(G) + 1 - .
2 
Moreover, equality holds if and only if 
(a) X is hyperelliptic and G is a hyperelliptic divisor, or 
(b) G is a principal divisor, or 
(c) G is a canonical divisor. 
Proof. If 1 (G) = 0, then the strict inequality is true. If the index of speciality 
of G is zero, then by the Riemann-Roth theorem 
l(G) = deg(G) + 1 -g < 2 
deg(G) + 1 . 
Otherwise the desired result follows from Clifford’s theorem. 0 
Proposition 2.9. Let G be a divisor such that deg( G) < n. Then the following 
statements are equivalent: 
(a) C (D, G ) is a decomposable code. 
(b) There are two nonzero effective divisors D1 and D2 such that D, + D2 = D 
andL(G) = L(G-Dl)@L(G-D2) andboth L(G-Dl) andL(G-D2) are 
nonzero. 
(c) There are two nonzero effective divisors D1 and 02 such that D1 + 02 = D 
andL(G) c L(G-D,)$L(G-D2) andboth L(G-D1) andL(G-D2) are 
nonzero. 
(d) There are two effective divisors D1 and D2 such that D, + D2 = D and 
l(G) = l(G-Dl)+l(G-D2) andbothl(G-D1) andl(G-D2) arenonzero. 
Zf either one of the last three conditions holds, then C (D, G) decomposes into 
C(Dl,G-D2) and C(Dz,G-Dl). 
Proof. We have L(G-DI)nL(G-Dz) = L((G-D1)n(G-D2)) = L(G-D) = 
(O), by Lemma 2.6 and since deg(G) < n. Both L(G - Dl) and L(G - 02) 
are subspaces of L(G). Hence the last three statements are equivalent. Let 
us proof the equivalence of (a) and (b). If C is decomposable, then there 
exist two effective divisors D1 and 02 such that D1 + D2 = D, and a basis 
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ui,...,fs,g1,... ,g,} with (5) L 02 for i = l,...,s and (gi) 2 D1 for 
i = 1 ,t, so {fi,..., fs} C L(G-D2) and {gi,...,&} c L(G-Dl) and 
(b) is’prbved. Conversely, ifL(G) = L(G-D1)$L(G-D2) andL(G-Di) 
is generated by gl, . . . , g, and L (G - 02) is generated by fi, . . . , ft, then 
L(G) = (fi,...,fs,gi,..., gt) so C (D, G) decomposes into C ( D1, G - D2 ) and 
C(D2, G - Di ). 0 
Corollary 2.10. If deg(G) < n and C(D, G) is a decomposable code of dimen- 
sion k, then k 2 1(2G - D) + 1. 
Proof. For two divisors El, E2 such that I (El ) and 1 (E2 ) are nonzero, we have 
/(El) + JW2) 5 l(El + E2) + 1, 
see [16, 2.2.411 or [14, 1.6.121. According to Proposition 2.9 there are two 
effective divisors DI and D2 such that D = D1 + D2 and 1 (G - D1 ) > 0 and 
1(G - D2) > 0, so 
k = 1(G-Dl) + l(G-D2) 51(2G-D) + 1. 0 
Corollary 2.11. If deg(G) < n and C(D,G) is nontrivial decomposable, then 
n 5 2g + 2. 
Proof. Suppose C( D, G) decomposes into C (01, G) and C (D2, G), with nl = 
deg(Di) and n2 = deg (02). We may assume that nl 5 n2. Furthermore, 
m - nI 2 0 and m - n2 _> 0, since Z(G - Di) f 0 for i = 1,2. Now there are 
several cases. 
Case la: If m - nl > 2g - 2 and m - r.2 5 2g - 2, then 
m+l-g<(m-ni+l-g)+(y+l), 
by Proposition 2.9, the Riemann-Roth Theorem and Corollary 2.8. So n + nl 5 
m + 2. Moreover, m < n, hence m = n - 1 and nl = 1. Thus the code is 
trivial decomposable, which is a contradiction. 
Case lb: If m - nl > 2g - 2 and m - n2 > 2g - 2, then 
m+l-g=(m-nl+l-g)+(m-n2+1-g), 
son+g=m+l.Moreover,m<n,hencem=n-landg=O.Thusthe 
minimum distance is one, that is the code is trivial decomposable, which is a 
contradiction. 
Case 2: If m - n1 5 2g - 2, then 0 5 m - ni 5 2g - 2 for i = 1,2, since 
nI 5 n2. Thus 
*+I-g<(F+l)+(Y+l), 
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so 12 5 2g + 2. 0 
Example 2.12. Let G be a divisor of degree m on a curve X of genus g. 
Suppose m < n = 2g + 2. If 
(a) G has degree 2g and there are two nonzero effective divisors Di and 
D2 such that Di + D2 = D and G - D1 is canonical and G - 02 is principal, or 
(b) G is not special and X is hyperelliptic and there are two nonzero 
effective divisors D1 and 02 such that D1 + 02 = D and both G - D1 and 
G - D2 are hyperelliptic divisors, then C(D, G) is decomposable. 
This is a direct consequence of Proposition 2.9. 
Proposition 2.13. Let G be a divisor of degree m on a curve X of genus g. 
Suppose m < n = 2g + 2. If C(D, G) is nontrivial decomposable, then 
(a) G has degree 2g and there are two nonzero effective divisors D1 and 02 
such that D1 + 02 = D and G - D1 is canonical and G - 02 is principal, or 
(b) G is not special and X is hyperelliptic and there are two nonzero effective 
divisors D1 and D2 such that D1 + 02 = D and both G - D1 and G - D2 are 
hyperelliptic divisors. 
Proof. We follow the proof of Corollary 2.11. The cases la and lb are similar. 
Incase2wenowhaveO<deg(G-Di)<2g-2fori= 1,2.!30 
since n = nl + n2 = 2g + 2. Thus G is not special and I(G - Di) = 
deg(G - Di)/2 + 1, for i = 1,2. 
If X is not hyperelliptic, then G - Di is canonical or principal for i = 1,2, by 
Corollary 2.8. If G-D1 and G-D2 are principal, then the code has dimension 2 
and is decomposable, so it is trivial decomposable. If G - D1 and G - 02 are 
canonical, then m = 3g - 1. We assumed m < n = 2g + 2, hence g 5 2. 
But a curve of genus 2 is hyperelliptic. Thus g = 0, m = 1 and n = 2, or 
g = 1, m = 2 and n = 4; in both cases the code is two-dimensional, so 
trivial decomposable, a contradiction. Therefore, one of G - D1 and G - 02 
is canonical and the other is principal. Thus 2G - D is canonical, so G has 
degree 2g. 
If X is hyperelliptic, then G - DI and G - 02 are hyperelliptic divisors, by 
Corollary 2.8. 0 
Definition 2.14. Let C be a linear code in IFi and o a permutation of { 1,. . . , n}. 
Define 
fJc = {(&T(l),...,&(,)) I (Xl,...,&) E q, 
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Two linear codes Ci and Cz in ‘F; are called equivalent if C’z = aCi for some 
permutation 0 of { 1,. . . , n}. Let x be an n-tuple of nonzero elements in 5,. 
Define 
xc = {(XlQ, . . ..xncn) 1 CE C}. 
The codes Ci and C2 are called generalized equivalent or isometric if there is an 
n-tuple x of nonzero elements in F, and a permutation 0 such that C2 = xaCi. 
Definition 2.15. We call two divisors G and H rational equivalent if there exists 
a rational function u such that H = G + (u ). We will denote this by G = H. 
We call two divisors G and H rational equivalent with respect to D if moreover 
u(Pi) = 1, for all i = l,.. . , n. We will denote this by G =D H. 
Remark 2.16. If G’ = G + (f >, and the divisors G and G’ have disjoint support 
with D, then XC (D, G’) = C (D, G), where Xi = f (Pi) is not zero. Thus if G 
and H are rational equivalent and have disjoint support with D, then C (D, G) 
and C(D, H) are isometric. If G and H are rational equivalent with respect to 
D, then C(D,G) = C(D,H), see [13, Lemma 3.11. 
Proposition 2.17. Let q be a prime power not equal to 2. If a code C is 
decomposable, then there exists an n-tuple x of nonzero elements of IF,, not all 
the same, such that XC = C. If moreover C is not contained in a coordinate 
hyperplane, then the converse is also true. 
Proof. Suppose C decomposes into Ct and C2, where Ci is a nonzero code in 
F,“’ , for i = 1,2. Let b be the all-l vector in 5zz, Let a an element of IF, not 
equal 0 nor 1, and let a be the all-a vector in IF:‘. Then aC2 = C2, since C2 is 
linear. Let x = (a, b). Then XC = x(Ci @ C2) = (aC,) $ (bC2) = C1 @ C2. 
Thus XC = C. 
Conversely, suppose there exists an n-tuple x of nonzero elements of [F,, not 
all the same, such that XC = C. Let xi = (xi,. . . xi), then xiC = C, for 
all integers i. Suppose that x has t + 1 distinct values al,. . . , a,, 1, then t is 
at least 1 by assumption. After possibly reordering the coordinates we may 
assume that the last n2 coordinates of x are equal to a,+1 and the first n1 are 
not, where nl + n2 = n. Let Ci be the projection of C on IF,“’ by forgetting the 
last n2 coordinates, and let C’2 be the projection of C on Fi* by forgetting the 
first nl coordinates. Both codes Ci and C2 are not zero, otherwise C would be 
contained in a coordinate hyperplane. Let gi be the ith elementary symmetric 
function in al, . . . , at, that is 
fi(X-aj) = k(-l)‘ojX’-‘. 
i=l i=O 
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Now 
(~(-1) 'fTjX')C C C. 
i=O 
Suppose c E C. Let a consist of the first ni coordinates of c and b of the last 
n2 coordinates, then 
(k(-1)’ C7jX’)C = fi(~Zt,l -ai)(O,...,O,b). 
i=o i=l 
So for all c = (a, b) E C we have that (0,. . . ,O, b) E C, and therefore 
(a, 0,. . . , 0) E C. Thus C is the direct sum of Ci and C2. 0 
Proposition 2.18. Let G and H be rational equivalent divisors of degree m < n- 1 
with support disjoint from D on a curve of genus g. Suppose n = 2g + 2 and 
both G and H are special or n > 2g + 2. Zf C (D, G) = C (D, H) and is not 
contained in a coordinate hyperplane, then G and H are rational equivalent 
with respect to D. 
Proof. The divisors G and H are rational equivalent, hence there exists a 
rational function u such that G-H = (u). Let x = (u(Pi),...,u(P,)). Then 
x is well defined and an n-tuple of nonzero elements of IF,, since G and H 
have disjoint support with D. The map f H u f is an isomorphism from L(G) 
to L(H), hence XC (D, G) = C(D, H). We assumed that G and H define the 
same code, so xC(D, G) = C(D, G). If all the entries of x have the same 
value, then we can divide u by this value, so we may assume that u (Pi) = 1 
for all i. Thus G and H are rational equivalent with respect to D. If not all 
the entries of x are the same, then C(D, G) is decomposable, by Lemma 2.17 
since the code is not contained in a coordinate hyperplane, by assumption. 
The minimum distance of the code is at least n - m > 1, by assumption. Hence 
the code is nontrivial decomposable, so n 5 2g + 2, by Corollary 2.11. So 
n = 2g + 2 and G and H are special, by the assumptions. But this contradicts 
Proposition 2.13. 0 
3. Extending the field of constants 
In the sequel we need the existence of a codeword of weight n. The existence 
is often ensured if q > n, as the following lemma and its corollary show. 
Therefore, we have to extend the field of constants lF,. 
Lemma 3.1. Zf C is a linear code in IF: not contained in a coordinate hyperplane, 
and n < q, then there is a codeword in C of weight n. 
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Proof. Let Ci = {c E C 1 Ci = 0). Then C, # C for all i, since C is not 
contained in a coordinate hyperplane. If there is not a codeword of weight 
n, then C G Uy=‘=, Ci, so, by taking cardinalities we have qk 5 nqk-‘, where 
k = dim(C). Thus q 5 n. This contradicts the assumption q > n. 0 
Corollary 3.2. Zf 2g - 1 < deg(G) and n < q, then there exists in C(D, G) a 
codeword of weight n. 
Proof. If C (D, G) is contained in a coordinate hyperplane xi = 0, then the 
dual code CQ (D, G) of C (D, G) has a codeword of weight 1. But the min- 
imum distance of CQ (D, G) is at least deg(G) - 2g + 2, which is at least 
2, by the assumption on the degree of G. The corollary now follows from 
Lemma 3.1. 0 
Definition 3.3. For a given positive integer Y let us consider the vector space 
over [Fqr 
L(G,E,r) = {f E F,r(X)* I (f) 2 -G} u (0). 
We denote the dimension of L (G, IF,, ) over [FqI by I (G, IF,,). Let the code 
C(D, G, (F,,) over [F,, be defined as the image of the map 
L(G, 5,r) + (Fir, f H (fvl),...,f(pn)). 
Lemma 3.4. For every divisor G rational over F, there exists a basis in L (G, F, ) 
for L (G, [F,, ) over [Fqr. Thus I(G,F,) = l(G,F,r). 
Proof. See [16, 2.3.41 or [14, 111.6.3.d]. 0 
Corollary 3.5. Let G and H be divisors on X, rational over F,. Zf C (D, G, F,) = 
C(D, H,F,), then C(D, G,Fqr) = C(D, H,F,,). 
Proof. This follows directly from Lemma 3.4. 0 
Lemma 3.6. Zf G and H are two divisors defined over IF, and rational equivalent 
(with respect to D) over Fqr, then they are rational equivalent (with respect 
to D) over 5, itself 
Proof. See [ 14, 111.6.3.f]. 0 
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4. Equality of codes and rationd eqahdence of divisors with respect to D 
In this section we determine conditions which imply that the divisors G and 
H are equal or rational equivalent with respect to D whenever they define 
the same code. For the main idea we will follow Xing 117 1. In his work he 
assumes that G and H have the same degree m and 2g - 1 < m < II - 1, for 
the main result he assumes m < n/2 or m > n/2 + 2g - 2. His results are 
based on Clifford’s theorem. We will improve his results by admitting also the 
values 2g - 1 and n - 1 for m, and assuming y1 > 2g + 2 only. 
Definition 4.1. Let PI,. . . , P,, be n distinct rational points on a curve X. Fix 
a differen%A p on a ‘rhe curve X such ‘rhal y has Slrnple p&es anb re&ue 1 
at these ratio& puints. Such a c)i~fe~Aa~ EY~SZS, see 11 I, thwkuy 2. b). Let 
W be the divisor of q. Define for every divisor G on X, the divisor Gl by 
Gl=D+W-G. 
Remark 4.2. If G is a divisor with disjoint support with D and degree smaller 
than n, or greater than 2g - 2, respectively, then Gl is a divisor with disjoint 
support with D and degree greater than 2g - 2, or smaller than n, respectively. 
Furthermore, C(D,G’) = C(D,G)’ = Cn(o,G), see [ll]. 
Example 4.3. Let X be a curve of genus g > 0 and at least n > 2g + 2 
rational points. Let PI, . . . , P,, be y1 distinct rational points on X, and define 
D = PI + . . + P,. Let K and w be canonical divisors on the curve X, with 
disjoint su_u_uar”c worth D, ‘Le’c P ana e be two &E&rent rational points of X,. 
not in the support of D. Let G = K + P and H = W + Q. Then L(G) and 
L(K) have dimension g, and L(G) contains L(K), so these two vector spaces 
are the same and in the same way we have L(H) = L(W). If K and W are 
equivalent with respect to D, then they define the same code, thus G and H 
have degree 2g - 1 and define the same code but are not equivalent. In other 
words if G - P and H - Q are equivalent with respect to D and are canonical 
diviscrs, then G and K define the same code. Dually Gl and 152~ are two 
diviscrs af the same degree n - 1 and define tlte same code. <n other wards if 
G’ + P and H’ + Q are equivalent with respect to D and are equivalent with 
D, then G’ and B’ define rhe same code, 
They< is STAY&Y ‘ac’h’4 ‘AYzLff, fS+% &V&E ?K &s’kT‘e% 2-, - ‘, Vi rpL) %@&.V&) 
define ‘rhe same cobe, Yi G -9; anb B -9i are egtilvAen1 tilti respecr to D -Pj 
and are canonical divisors, then G and H define the same code. This is seen 
in the same WRY as iDove_ 33u&~. ‘13 % + 4; anb 33 + 2; ze eplj,vAetit titi 
respect to D - Pi and are equivalent with D, then G and H define the same 
code. This explains why Xing [ 171 assumes 2g - 1 < deg( G) < n - 1. 
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Remark 4.4. Let G and H be two divisors on X. The following properties 
follow immediately from the definitions. 
(a) If G and H have the same degree, then G + H if and only if deg( G II 
H) < deg(G). 
(b) G*nH*=D+W-G-H+GnH. 
(c) G + H - G n H - D is canonical if and only if Gl n H* is principal. 
(d) Gl + H-‘- - Gl n HI - D is canonical if and only if G fl H is principal. 
Proposition 4.5. Let E and F be two divisors on a curve of genus g. Suppose 
l(F) is not zero and 2g - 1 5 deg(F). Ifdeg(E) < deg(F), then l(E) < l(F) 
or E is canonical and deg(F) = 2g - 1. Moreover, if E 5 F, E f F and 
I(E) = 1 (F ), then E is canonical and there is a rational point P such that 
F=E+P. 
Proof. If deg(E) < 0, then 1 (E) = 0 < 1 (F ). So we may assume that 
deg( E) 2 0. The inequality follows directly from the Riemann-Roth The- 
orem, by distinguishing between the two cases: deg( E) > 2g - 2 and 0 5 
deg( E) 5 2g - 2. In the first case we have 1 (E) < 1 (F ). In the second case 
we have l(E) 5 g 5 l(F), by Corollary 2.8 and since deg(F) 2 2g - 1. If 
l(E) = l(F), then g 5 l(F) = l(E) 5 deg(E)/2 + 1 < g, by Corollary 2.8. 
Thus l(E) = deg(E)/2 + 1 = g, so E is canonical, by Corollary 2.8. So 
deg(F) = 2g - 1. If moreover E 5 F, then F = E + P, for some effective 
divisor P. Comparing the degrees of E and F implies P has degree one. Thus 
P is a rational point. 0 
Corollary 4.6. If G and H are two divisors of the same degree m on a curve of 
genus g such that m > 2g - 2 and l(G) > 0, then L(G) = L(H) if and only 
ifG=HorGnHiscanonicalandG=GnH+PandH=GnH+Qfor 
some rational points P and Q. 
Proof. This is a direct consequence of Proposition 2.6 applied to the divisors 
E=GnHandF=GorF=H. 0 
Proposition 4.7. Let G and H be two divisors of the same degree m on a curve 
of genus g. If 2g - 2 < m < n and C(D, G) = C(D, H), then 
l(G)<l(GnH)+l(G+H-GnH-D). 0 
Proof. We follow Xing [ 171. For every f E L(G) there exists a unique 
element hf E L(H) defining the same codeword, since C(D, G) = C(H, D) 
and deg (G) = deg( H) < n. Consider the [F, linear map 
4 : L(G) + F,(X), $(f 1 = f - hf. 
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Let V be the image of the map Q;. Then Ker($) = L(GnH), by Proposition 2.6. 
Thus Y is is~mq?& 1~ A(G},JZ(GnB}, SD I(G) = Z(GnH} + dim(Y). 
Remark that if f E L(G) and h E L(H), then f - h E L(G + H - Gn H), 
since 
up(f -h) 2 min{vp(f),W(h)} 
2 min{-mp(G), -~PW)) 
= -mp(G) - mp(H) + min{mp(G),mp(H)} 
= -mp(W - ~PW) + mp(Gn H), 
for all places P of X. If moreover h = hf , then (f - hf ) (Pi ) = 0, for all 
i = l,..., n, since f and hf define the same codeword. Thus V C_ L(G + H - 
GnH-D),andweconclude/(G)II(GnH)+I(G+H-GnH-D). 0 
Prolposx~on 4.8. z63 G imh Ft bt? ‘two &rlcv’rsors Oj i-k 3zmw .&g-a m uir u mmi? 
ofgenusg.ZfC(D,G)isnotzero,2g-2<m<nanddeg(GnH)>2m-n, 
then C(D, G) = C(D, H) if and only if 
(a} G = X, VW 
(b) there exist two rational points P and Q such that G - P = H - Q and 
is a canonical divisor. 
Proof. If {a> G = 33, or {b) there exist two rational points P and Q s~h that 
G - P = H - Q is a canonical divisor, then G and H define the same code, 
as we have seen in Example 4.3. Conversely, suppose C (D, G) = C (D, H). If 
G f H, then deg (G n H) < deg (G), by Remark 4.4. So G n H is a canonical 
divjcsar a~& G = G n H + P Eur some rz&& _D~M& p oc 2 \C fr H> ( Z \G>,, hq’ 
Lemma 4.5. In the first case we also have H = G n H + Q for some rational 
poilnt 0,. thus G - P = H - Q is a canonk3.1 &kot. In &e seconi3 case we g& 
I(GnH) < I(G) 5 I(GnH), by Proposition 4.7, since l(G+H-GnH-D) = 0, 
by the assumption deg{Gfi K) > 2m - n. This gi-ve~ a contTadi&on. Tlxx&bre, 
G=H. 0 
Proposition 4.9. Let G and H be two divisors of the same degree m on a curve of 
genus g. Zf C(D, G) is not equal to Fi, 2g-2 < m < n and deg(GnH) > 2g-2, 
thenr C{D,.Gj = Clo,.Hj, if and only if 
(a) G = H, or 
(b) there exist two rational points P and Q such that G + P = H + Q and 
is equivalent with D. 
Proof. By Remark 4.4, we have, 
GlnHl=D+W-G-H+GnH 
=Gl+Hl-D-W+GnH. 
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Soifdeg(GnH) >2g-2, thendeg(GlnHl) >2deg(Gl)-n. If/(G) + n, 
then I ( CL) f 0. Therefore, the assertion we want to proof follows from 
Proposition 4.8 by duality. 0 
Lemma 4.10. Let G and H be two divisors of the same degree m on a curve 
of genus g such that 2g - 2 < m < n. Suppose 0 < deg(G n H) 5 2g - 2 and 
0 5 deg(G+H-GnH-D) 5 2g-2.ZfC(D,G) = C(D,H), then n 5 2g+2. 
Proof. Proposition 4.7 gives 
deg(Gn H) 
m+l-gl( 2 
+ I) + (deg(G+ H-GnH-D) 
2 + 1) 
=m-;+2. 
Thus n 5 2g + 2. 0 
Remark 4.11. If G and H are rational equivalent with respect to D, then 
G = H or deg(GnH) <m-n. 
This is seen as follows. By assumption we have H = G + (u), where u is a 
rational function such that u (Pi) = 1, for all i = 1,. . . , n. Suppose G f: H. 
Then u + 1, so u - 1 is not zero. So (u - l)(Pi) = 0, for all i = l,..., n, 
and (u- 1) 2 D- (u),. Therefore, deg(u)oo = deg((u- l)o) 2 deg(D) = n. 
Furthermore, GnH = Gn(G+ (u)o-(u),) = G-(u),. Thusdeg(GnH) 5 
deg(G)-n. This explains the condition deg(GnH) > m-n in the next theorem. 
Theorem 4.12. Suppose n > 2g + 2. Let G and H be two divisors of the same 
degree m on a curve of genus g. Zf C(D, G) is not equal to 0 nor to Fz, 







G = H, or 
there exist two rational points P and Q such that G - P and H - Q are 
equivalent with respect o D and are canonical divisors, or 
there exist two rational points P and Q such that G + P and H + Q are 
equivalent with respect to D and are equivalent with D, or 
there exists an i, 0 5 i 5 n, such that G - Pi and H - Pi are equivalent 
with respect o D - Pi and are canonical divisors, or 
there exists an i, 0 5 i 5 n, such that G + Pi and H + Pi are equivalent 
with respect to D - Pi and are equivalent with D. 
Proof. We have to proof only one direction of the theorem by Example 4.3. 
(1) If deg( G n H) > 2g - 2, then G = H or there exist two rational points 
P and Q such that G + P = H + Q are equivalent with D, by Proposition 4.9; 
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thus we in case (a) (c) . So we may assume that deg (G n H) 5 2g - 2. 
If deg(Gl n HI) > 2g - 2, then G = H or there exist two rational points P 
and Q such that G - P = H - Q are canonical divisors, by duality; thus we 
are in case (a) or (b). So we may assume deg( Gl n HI ) 5 2g - 2, hence 
deg(G+H-GnH-D)>O,byRemark4.4. 
(2) Ifdeg(GnH) < 0, then I(GnH) = 0, thus I(G) I I(G+H-GnH-D), 
by Proposition 4.7. The assumption deg(G n H) > m - n, implies deg(G + 
H-GnH-D)<deg(G).Wealreadyhavedeg(G+H-GnH-D)LO,by 
(l).Thusdeg(G) =2g-1 andG+H-GnH-Disacanonicaldivisor,by 
Proposition 4.5. 
(2a) If the code C (D, G) is contained in a coordinate hyperplane, of say 
the ith coordinate, then Pi is a base point of G and H. Let Ei = E - Pi for a 
divisor E. Thus Gi and Hi are canonical divisors, have disjoint support with 
Di and C (Gi, Di ) = C (Hi, Di ) . The divisors Gi and Hi are base point free, SO 
the code C (Gi, Di) is not contained in a coordinate hyperplane. Moreover, Di 
has degree n - 1 2 2g + 2 > 2g - 2 = deg (Gi ). The divisors Gi and Hi are 
equivalent and special. Thus Gi and Hi are equivalent with respect to Di, by 
Preposition 2.18, thr_.ts we are in case (dt. 
(2b) If C(D, G) is not contained in a coordinate hyperplane, then, after 
possibly extending the field of constants say from Fq to Fqr, there exists a code 
word c of weight n, by Lemma 3.1. Let f and h be the rational functions in 
L(G) and L(H), respectively, giving the word c. Let u = f/h then u (Pi) = 1, 
since f (Pi) = h (Pi) = ci is not equal to zero. NOW h = f/u, thus h is a 
nonzero element of L(H) and L(G + (u)), so L(Hn (G + (u)) is not zero, 
therefore deg(Hn (G + (u)) 2 0. Let G’ = G + (u), then G and G’ define the 
same code, by Remark 2.16, and deg(H n G’) 2 0 > m - n. If H = G’, then G 
and H are equivalent with respect to D, and deg(G n H) > m - n, so G = H, 
by Remark 4.11, thus we are in case (a). So we may assume that H f G’. Now 
we follow ( 1) again. If deg(H n G’) > 2g - 2, then there exist two IFqI-rational 
points P and Q such that G’ + P = H + Q and is equivalent with 0, since 
H f G’. But H + Q has degree 2g and D has degree n > 2g + 2, so this 
is impossible. Thus 0 I deg(H n G’) < 2g - 2. If deg(G’l n HI) > 2g - 2, 
they, 1;+.<%? 0,x5< +Z%% F47-Yz&&& -fiiTL$s P zL& Q ‘XX+, t+&L G’ - P = K - Q 
are canonical divisors, by duality and since H f G’. So G - P and H - Q are 
equivaient with respect to 0, and canonical. Now we show rhar P and & are 
IF, rational. Let K be a F, rational canonical divisor, such a divisor exists, then 
G - K is F, raticnal and equivalent with 4, thus I (G --EC, Fqr-) = I (P, Fq;4’} > 9. 
So 1 (G - K, F,) > 0, by Lemma 3.4, so there exists a nonzero IF,-rational 
function w such that (w ) 2 -G + K, so (v) - G + K is an effective If,-rational 
divisor of degree 1, that is a IF,-rational point P’. Moreover, P and P’ are 
equivalent over Fqr, and the genus is not zero, since G has degree 2g - 1 and 
I(G) > 0, thus P = P’ is a IF,-rational point. In the same way it is proved that 
Q is an F,-rational point. Therefore, there exist two F,-rational points P and 
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Q such that G + P and H + Q are equivalent with respect to D and canonical; 
this is case (b). 
Therefore we may assume deg(G’-‘- rl HI) 5 2g - 2, so deg (G’ + H - G’ n 
H-D) 2 0. Now 0 5 deg(G’+H-G’nH-D) 5 deg(G’+H-D) = 
2 (2g - 1) - n 5 2g - 2, since n > 2g + 2. Thus 12 5 2g + 2, by Lemma 4.10 
which gives a contradiction. 
(3 ) From ( 1) and (2) we conclude that we may assume 0 5 deg (G n H) 5 
2g - 2. By duality we have cases (a), (b), (c) or (e) or we may assume 
0<deg(G1nH*)12g-2,henceOIdeg(G+H-GnH-D)I2g-2. 
Thus n 5 2g + 2, by Lemma 4.10, which is a contradiction. 17 
Corollary 4.13. Suppose n > 2g + 2. Let G and H be two effective divisors of 
the same degree m on a curve of genus g. If C(D, G) is not equal to 0 nor to 
[Fi and 2g - 2 < m < n, then C(D, G) = C(D, H) ifand only if 
(a) G = H, or 
(b) there exist two rational points P and Q such that G - P and H - Q are 
equivalent with respect o D and are canonical divisors, or 
(c) there exist two rational points P and Q such that G + P and H + Q are 
equivalent with respect o D and are equivalent with D, or 
(d) there exists an i, 0 5 i 5 n, such that G - Pi and H - Pi are equivalent 
with respect to D - Pi and are canonical divisors, or 
(e) there exists an i, 0 5 i < n, such that G + Pi and H + Pi are equivalent 
with respect to D - Pi and are equivalent with D. 
Proof. This follows from Theorem 4.12, since m - n < 0 5 deg( G n H). 0 
Theorem 4.14. Suppose n > 2g + 2. Let G and H be two divisors of the same 
degree m on a curve of genus g. If C (D, G) is not equal to 0 nor to [Fi and 
2g - 2 < m < n, then C(D, G) = C(D, H) if and only if 
(a) G and Hare equivalent with respect to D, or 
(b) there exist two rational points P and Q such that G - P and H - Q are 
equivalent with respect o D and are canonical divisors, or 
(c) there exist two rational points P and Q such that G + P and H + Q are 
equivalent with respect to D and are equivalent with D, or 
(d) there exists an i, 0 5 i 5 n, such that G - Pi and H - Pi are equivalent 
with respect to D - Pi and are canonical divisors, or 
(e) there exists an i, 0 I i I n, such that G + Pi and H + Pi are equivalent 
with respect to D - Pi and are equivalent with D. 
Proof. After Example 4.3 we have to prove only one direction of the assertion. 
If the code C (D, G) is contained in a coordinate hyperplane, then we proceed 
according to (2a) of the proof of Theorem 4.12. If C(D, G) is not contained in 
a coordinate hyperplane, then, after possibly extending the field of constants, 
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there exists a code word c of weight n, by Lemma 3.1. Let f and h be 
the rational functions in L(G) and L(H), respectively, giving the word c. 
Consider the divisors G’ = G + (f ), H’ = H + (h ). It is clear that G’ and H’ 
are effective divisors with support disjoint with D. Furthermore, 
C(D,G) = (/-(Pi),..., f(J’,))C(D,G’) = cC(D,G’), 
and similarly C (D, H) = CC (D, H’), as we have seen in Remark 2.16, so 
cC(D,G’) = cC(D, H’). Thus C(D,G’) = C(D,H’), since c has nonzero 
entries. The theorem now follows from Corollary 4.13 and the fact that if 
G’ = >Y’, ?A.= G ;ep ,q ze w&---‘P?.% y&_>>> -&;! ~~.J&& $a is, T!& ~>&Y&~ 
(with respect to D), is possibly defined over a finite extension of [F,, but then 
it is also equivalent over [F,, by Lemma 3.6. IJ 
Corollary 4.15. Suppose n > 2g + 2. Let G and H be two divisors of the same 
degree m on a curve o,f genus g. If C ID,. G) is not equal to 0 nor to t$ and 
2g - 1 < m < n -1, ,tk?rz C(D,G} = C(D,H} $a& only IQ-G a>td H &Ve 
equivalent with respect to D. 0 
Proof. This is a direct consequence of Theorem 4.14, since in the cases (b), 
(c), (d) and (e) we have either m = 2g - 1 or m = n - 1. q 
In this sectian we obtain a necessav and suffrdrent con&~on for self-ctucility 
of ia gecme’rrie G03_33a c&e C 1 D,, G) in krins of G and D. T’ne que&on on 
self-dual codes was considered before by Driencourt, Michon, Stichtenoth and 
Xira, see [1-4.,1 IJ3.J 71. The best result so far is if pE > 6g - 4, fhen G defines 
a self-dual code if and only if there exists a differential form q such that 
(q) = 2G - D and q has residue 1 at all points of D, see [ 17, Corollary 41. We 
wil% show that the assumption n > ‘2.g + 2 instead of n > 6g - 4 is suKrcient 
for the characterization to hold. In the next section we generalize an example 
of [4] which shows that the characterization fails in case n = 2g + 2. 
Definition 5.1. A code C is self-dual if it coincides with its dual Cl. In the 
same way, a code C is called formal self-dual if there exists an n-tuple x of 
nonzero elements in IF, such that Cl = XC; thus C is formal self-dual if and 
only if it is self-dual with respect to the bilinear form 
(a,b) = xxiaibi. 
Remark 5.2. We already remarked in 4.1 that for a given curve X and D = 
P, + ... + P,, there exists a differential form o on X with simple poles and 
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residue 1 at every Pi such that for every divisor G we have that C(D, G)l = 
C (D, D + W - G), where W is the divisor of o. Thus we immediately get the 
following sufficient condition for (formal) self-duality, 
Proposition 5.3. If there exists a differential form n with simple poles at every 
Pi such that 2G = D + K, where K = (v), then C (D, G) is formal self-dual. If 
moreover resp, (q ) = 1 for all Pi, then C (D, G) is self-dual. 
Proof. See [II]. 0 
Remark 5.4. If there exists a divisor G such that 2G = D + K, where K is a 
canonical divisor, then D 3 2A for some divisor A; see [ 91 or [ 16, 3.1.3 1. 
Theorem 5.5. Assume n > 2g + 2. 
(a) The code C(D, G) is self-dual if and only if there exists a differential 
form n with simple poles and residue 1 at every Pi such that 2G = D + K, 
where K = (n). 
(b) The code C(D, G) is formal self-dual if and only if there exists a dif- 
ferential form n with simple poles at every Pi such that 2G = D + K, where 
K = (n). 
Proof. One direction of the theorem is Proposition 5.3. Now we prove the 
converse. Let k be the dimension of the code C(D, G). Then k = 1 (G) - 1 (G- 
D). If deg(G) I 2g - 2 then k 5 g, by Clifford’s theorem (Theorem 2.7). 
Hence, if deg( G) 2 n, then k 2 n - g, by duality. Taking into account 
that k = n/2 whenever C (D, G) is (formal) self-dual and the assumption 
n > 2g + 2, we get 2g - 1 < deg(G) < n - 1. Now C(D,G)* = C(D,G*) 
and Gl = W + D - G, where W is the divisor of a differential with simple 
poles and residue 1 at every Pi. Suppose C(D, G) is self-dual. Then G and Gl 
have the same degree m such that 2g - 1 < m < n - 1 and define the same 
code, so there is a rational function f such that 2G = D + W + (f ) and f 
is 1 at all Pi, by Corollary 4.15. Now it suffices to take v = f o. If C(D, G) 
is formal self-dual, that is there exists an n-tuple x of nonzero elements in 5, 
such that C (D, G)l = xC(D, G), then we can find a rational function h such 
that h (Pi) = xi, by the independence of valuations. Thus XC (D, GL + (h) ) = 
C(D, Cl), by Remark 2.16. So C(D,Gl +- (h)) = C(D,G) and we can 
proceed as above. 0 
In case n 5 2g + 2 the conclusion of the theorem is not true as we shall see 
in the examples of the next section. 
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6. Examples 
Example 6.1. This example is a generalization of the one given by Driencourt 
and Stichtenoth [4], where q = 4. Let q be an even power of 2. Let X be the 
curve defined over [F, with the following affine equation: 
y2 + y = x4-i. 
So this curve has function field IF, (x, y 
q/2 - 1. Let CI: be a solution in IF, of the equation 
X2 + X + 1, it exists since q is an even power of 2. Let /I be a primitive 
element of [F,. Define (~1 = 0 and cyi = pi for 2 5 i 5 q. Let Pi = (0,O) and 
Ql = (0,l). Let Pi = (ai,a) and Qi = (ai, a2) for 2 5 i < q. Let Pm be the 
unique point at infinity of X. The curve has exactly 2q + 1 rational points, 
that is 
X(F,) = {Pi,Qi I 1 5 i 54) U {Pm) 
The point Pm is a hyperelliptic Weierstrass point. Take G = (q - 2)P,. Then 
L(G) has as a basis 
1,x )...) x@-1. 
Let D = PI + .. e + Pq. Let C be the code C = C(X,D,G). Then C is a 
Reed-Solomon code, that is a code on the projective line P’. Since, if we take 
Ri= (ai:l),Rm= (l:O),D’=Ri+...+R,andG’= (q/2-l)R,,then 
C = C(P’,D’,G’). Now 2G’ -D’ = (q - 2)R, - (RI + ... + Rq), which is 
the divisor of the differential q on P’, where 
Furthermore, v has simple poles and residue 1 at Ri for 1 5 i 5 q. Thus C is 
self-dual, by Proposition 5.3. Thus we have a self-dual code C (D, G) on X, and 
g = q/2-1, deg(G) = q-2 = 2g and n = q = 2g +2. We claim that 2G-D is 
not a canonical divisor. The divisor (q-4) Pm is canonical, since it is the divisor 
of dx. If 2G - D is canonical, then (2q - 4) P, - (PI + . . . + Pq ) is equivalent 
with (q - 4) Pm. So qP, is equivalent with PI + . . e + P4. Therefore, there exists 
a nonzero rational function f on X such that (f ) = PI + e . . + Pq - qP,. So 
f is a nonzero element of the vector space L(qP,), which has basis 
1,x )...) x4/2-‘,y,xV 
Thus 
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F = CaiX’ + bo. 
i=O 
Then F (ai) = f (Pi) = 0 for 2 5 i 5 q. Thus F is a polynomial of degree 
q/2 and has at least q - 1 zeros, and therefore F = 0, since q > 4. So 
f = -ba + by, but 0 = f(Pi) = -ba and Q f 0. Thus b = 0, so f = 0, 
which is a contradiction. Therefore, 2G - D is not canonical. 
If we consider the differential q but now viewed on X, then 
(v) = (3q - 4)P, - (Pi + ... + Pq + Ql + ... + Qq). 
This differential has simple poles and residue 1 at all points Pi. Now 
Gl = D + (q) - G = (2q - 2)P, - (Qi + ... + Qq). 
The code C (D, G) is self-dual, so C (D, G) = C (D, Gl 1, and G and GL are 
not equivalent. Consider the rational function h = c~(y - 1) (y - (r2). It has 
divisor 
(h) = (q- l,Ql +Q2 +...+Qq- Cb-2P’ccv 
Furthermore, h(Pi) = 1 for 1 5 i 5 q. Let H = (q-2)Ql, then H = G’+ (h). 
Thus H and G are two divisors of degree 2g which define the same code of 
length 2g + 2, which are not equivalent, and G n H = 0 and G + H - G rl H - D 
is canonical. 
Remark 6.2. If one looks at the proof of case 3 of Theorem 4.12 in case 
y1 = 2g + 2 and X is not (hyper)elliptic, then G n H and G + H - G f~ H - D 
are principal or canonical divisors. If they are at the same time principal, then 
2m=n=2g+2,som= g + 1, this contradicts the assumptions m > 2g - 2 
and X is not (hyper)elliptic. In the same way we get a contradiction with the 
assumptions in case G n H and G + H - G n H - D are canonical. An example 
of the case that the first one is canonical and the second is principal can be 
constructed as follows. Let K be a canonical divisor and let G = K + A and 
H = K + B, where A and B are effective divisors of degree 2 with disjoint 
support and which are not equivalent. The vector spaces L (G) and L(H) both 
have dimension g + 1 and have as intersection the space L(K) of dimension 
g. Let f be an element of L(G) \ L(K) and h an element of L(H) \ L(K). 
So (f-h)>-G-H+Kand (f-h)+G+H-Kisaneffectivedivisorof 
degree 2g + 2. If we could choose f and h in such a way that f - h is zero at 
2g + 2 rational points not in the support of G nor of H, then we can take for 
D the sum of these 2g + 2 rational points and thus the codes C(D, G) and 
C (D, H) are the same, whereas the divisors G and H are not equivalent. In 
the following we give an explicit example. 
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Example 6.3. Let r be an odd power of 3, and q = r2. Consider the Hermitian 
projective plane curve X over IF, with affine equation X’+ 1 = Yr + Y, see 
[ 12,151. It has genus g = Y (r - I)/2 and r3 + 1 rational points. The function 
fielcb 65 2 ‘IS%~~X,~$~, vSnE~e XT+‘% = ,Y< t-7, hi,53 bt an &m&t 15 %, sn& ‘rhr& 
/3’ + /3 = 1, such an element exists since the trace from F, to F, is surjective. 
Let a be a primitive element of F, and pi = &(r-l), then the Qi for 0 5 i 5 r 
are the r + 1 distinct solutions of the equation Xr+t = 1. So there lie r + 1 
distinct rational points on the intersection of the curve X and the line with 
equation Y = /?. In fact every line in the projective plane, defined over F,, 
intersects the curve K in exactly r + 1 rational points or is tangent at a rational 
point of this curve with multiplicity r + 1. Let Qr-2 = ( 1, p), Q,-t = (- 1, p), 
Qr = (Y,P) and Qr+l = (-7, j? ), where y2 = - 1, then these four points lie 
on the intersection of the curve with the line with equation Y = /I, and let 
QI,..., Qr-3 be the remaining r - 3 rational points on this intersection. Let 
P, be the unique rational point at infinity. Define the divisors G and H as 
follows: 
G = (r2 - l)P, - (Ql + ..+ + Qr-I), 
H = (r2 - l)Pm - (Q1 + ... + Qr-3 + Qr + Qr+l)- 
ThenK = GnH = (r2-l)Poc-(Ql+.. . + Qr+ I ) is a canonical divisor, and 
G = S + .,,1: a& ,q = g + 3,. -&&2: .,,% = Q> + Q.+ i: & 2 = Q_.I + Q_ >__ 
The vector space L(K) has basis {x’yj (y - p) 1 0 5 i + j 5 r - 2). Let 
a(X) = (Pi” - 1 )/(X4 - I ). The pofynomiaf X’+’ - I is divisible by X4 - 1, 
since r is an odd power of 3. So a (X) is a polynomial. Now L(G) = 
L(K) + ((x2 - l)a(~)) and L(H) = L(K) + ((x2 + l)a(x)). Let f = 
-a(~)y(~1--/3)-~~u(~)(~~-1) andlet h = u(x)y(y-/3)-pru(x)(x2+ 1). 
Then f is an element of L(G) \ L(K), and h is an element of L(H) \ L(K). 
Now f-h = u(x)(y - l)(y + p’) and is an element of L(G + H-K). 
The function f - h is zero at r2 - 1 distinct rational points. Among the zeros 
are the points Qt + . . . + Qr-3, the remaining r2 - r + 2 points we denote by 
Pl,..., P,,, where rz = r2 - r + 2 = 2g + 2. Thus the divisor of f - h is equal 
to 
Ql + ... + Q~_~ + PI + ... + P, - (r* - l)J’, 
=--G-H+GnH+D. 
Therefore, the codes C (D, G) and C (D, H) are the same, but the divisors G 
an6 H are 1102 equjvak~t. 
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7. Generalized Jacobian and Zeta function 
In this section we study the question how many geometric codes there are 
arising from D, where we leave the order of the Pi’s fixed. 
Definition 7.1. Let Div(X,D) be the abelian group of divisors on X with 
disjoint support with D, and let Div, (X, D) be the coset in Div(X, D) of 
divisors of degree m. Let P (2, D) be the subgroup of Div(X) of principal 
divisors of rational functions which are 1 at Pi for all i. The generalized 
Picard group is by definition the quotient group Div(X, D)/P (2, D) and will 
be denoted by Pic(X, D). On the Picard group we have a well-defined degree 
map, by taking the degree of a representing divisor. The inverse image of m 
under the degree map is denoted by Pit, (X, D). The group Picc (X, D) is 
finite and is also called the generalized class group or generalized Jacobian of 
the curve, and its cardinality will be denoted by h (X, D), see [ 10 1. 
The sets Pie, (X, D) are cosets of Pica (X, D) and therefore they all have the 
same cardinality h (X, D). The class in Pic(X, D) of a divisor G E Div(X, D) 
we will denote by [Cl,. 
In case y1 = 0, we denote Div(X, D), Pic(X, D), [G]o and h(X, D), respec- 
tively, by Div(X), Pit(X), [G] and h(x), respectively. 
Proposition 7.2. Zf n > 0, then 
h(X,D) = (q - l)“-‘h(X). 
Proof. Consider the well-defined map 
I,Y : Pico(X, D) + Pica(X), y/([Glo) = [Gl. 
The map v is surjective by the independence of valuations. On the other hand, 
if G E Div(X, D) and [G] = 0, then G = (f ) for some rational function 
f, so f (Pi) # 0, for all i, since G has disjoint support with D. Now, given 
two classes of principal divisors in Div(X, D), say of the rational functions fi 
and f2, we have [ (fi ) ] = [ (fi ) ] if and only if there exists a nonzero element 
2 E F, such that ft (Pi) = Af2 (Pi) for every i = 1, . . . , n. Notice that for every 
n-tuple Ai, . . . , A, of nonzero elements in F, there exists a function _/- such that 
f (Pi) = li by the independence of valuations again. Thus we conclude that 
ker(r//) g (F;)“/F;. 0 
Definition 7.3. Let m be an integer such that 2g-2 < m < II. Let SAG,,, (X, D) 
be the set of strongly algebraic geometric codes arising from divisors G of degree 
m, that is the set of codes of the form C(D, G) on X on X, where G is a 
divisor of degree m with disjoint support with D, see [S]. 
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Corolhq 7.4. ifn > 2g f 2 and 2g - I < m < n - I, &en 
#SAG,(X,D) = h(X,D) = (q - l)“%(X). 
Praof.Ifn>2g$2and2g-I<m<n-I,tlzenevery{G~EPic,(X,Dj 
gives a unique code C (D, G), by Theorem 4.14. So the desired result follows 
from Proposition 7.2, n 
Definition 7.5. Let Divz (X) be the set of effective divisors on X of degree m, 
and a, (X ) be its cardinality. The Zeta function of X over [F, is defined as the 
power series 
z(x)(t) = -g am(X)t”. 
m=O 
Now we can consider for every integer m 2 0 the set Divz (X, D) of effective 
divisors in Div, (X, D) and let a, (X, D) be its cardinality. The generalized 
Zeta function of X over [F, with respect to D is defined by 
Z(X,D)(t) = 2 a,(X,D)t’=. 
m=O 
Proposition 7.6. Z(X,F,,P)(t) = (1 - t)“Z(X,F,)(t). 
Proof. Denote a, (X) by a, and a, (X, D) by Z,,,. From the definition of a, 
and &, we have the relation 
am = am + am_l#{Pi 1 1 < i 5 n} 
+ a,-2#{Pi + Pj ( 1 5 i 5 j 5 n} + . . . . 
Thus 
m 
CC n+i-1 _ a, = i > am-i. i=O 
Therefore, 
If we substitute the above expression for is m in the definition of Z(X,D)(t), 
change the order of the double sum, and finally use Newton’s binomium for 
( 1 - t )“, then we get the desired formula. q 
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If n > 0, then 
h(X,D) = (1 -q)“rest,l z(X,D)(t) 
(t- 1)” * 
Proof. This follows from the fact that 
form 
P(l) 
z(X)(t) = (1 _t)(l -qt)’ 
2 (X) (t) is a rational function of the 
where P(t) is a polynomial in t, and h(X) = P(l), see [14,16], and Propo- 
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